2 Relative K-theory and localization
Connective localization
Connective localization is of a very particular type; nevertheless this first result is of interest due to its method of proof. Following [8] The unit map S → R determines natural transformations F 1 ( − ) → F 3 ( − ) ← F 2 ( − ). We follow the program of [12] to first provide a sequence of reductions.
Claim 1
The functors F i are determined by their value on simplicial rings. In fact, the functor A • → A • ∧ R (degreewise smashing with R) preserves both simplicial weak equivalences and connectivity in the simplicial coordinate. The method of [12, III.3] applies to yield the result (as in loc. cit., one allows S-algebra maps between simplicial rings). Representing the split square-zero extension as 
These type of extensions are studied by Lindenstrauss and McCarthy in [22] , where the homotopy fibre
(the "tilde" used so as to distinguish these groups from the stable K-groups of A • with coefficients in A • [Y • ]). This functor can be represented as a homotopy functor on basepointed simplicial sets (aka spaces)
We define three functors on basepointed simplicial sets:
Again, there are natural transformations of homotopy functors
Although not originally stated in this generality, the methods of [22] apply essentially without change to show Theorem (LM). The homotopy functors F i ( − ) are 0-analytic.
It remains to compare coefficients of Goodwillie derivatives. This is accomplished by
Theorem (LM). For each n ≥ 1, the n-th Goodwillie derivatives of F i ( − ), 1 ≤ i ≤ 3 are represented (respectively) as spectra with C n -action by
where sd n is the n-th edgewise subdivision functor.
But now for T HH, as well as its edgewise subdivisions, there are natural equivalences
arising from the equivalence R ≃ R ∧ R, together with the unit map S → R. By convergence of the respective Goodwillie towers, we conclude there are equivalences of homotopy functors on the category of basepointed connected simplicial sets
which completes the proof of Theorem 1.
By Theorem A, we have 
where T C( − ) : (S-algebras) → (spectra) associates to an S-algebra its topological cyclic homology spectrum.
Remark 1 It is worth comparing the statement of Theorem 1 with the original results of Weibel concerning localization (at a prime p ∈ Z) of the relative algebraic K-groups associated to a nilpotent ideal [30] .
The conditions imposed on R above are, unfortunately, quite restrictive. An equivalent condition was considered by Rognes in [26] . Precisely, the hypothesis on R is equivalent to the unit map S → R being smashing in the sense of [26] , where Rognes shows that this implies R is the smashing localization of the sphere spectrum with respect to a homology theory E; the connectivity of E then implies it occurs as the ordinary arithmetic localization of the sphere spectrum at some set of primes. In other words,
The above theorem recovers, in the framework of (connective) S-algebras, a localization result first proven by Waldhausen in [27] . This proposition is consistent with the fact the Bousfield class < L > of any connective localization functor must be of the form < M SG >, the class associated to the Moore spectrum of an abelian group G [7, 25] .
Non-connective localization and the chromatic tower
As we have noted, solid S-algebras are closely connected with localization functors. Recall [7, 25] that a localization functor L is smashing if there exists a (non)-connective spectrum E with L(X) ≃ X ∧ E for any spectrum X. In this case we will sometimes write L as L E , with L(X) referred to as the localization of X at E. For such a smashing localization functor, the spectrum E is recovered up to homotopy as E = L E (S), where S denotes the sphere spectrum.
A map of spectra X → Y is an E-equivalence if it becomes a weak equivalence upon localizing at E; a spectrum is E-acyclic if its localization at E is contractible.
Proof. By Theorem A, there is an equivalence
For a set X, let T S (X) denote the tensor algebra over S generated by X. Given a simplicial set X • , define functors (simplicial sets) * → (spectra) * by
For all f : A → B, F A , F B and G are reduced homotopy functors on the category of basepointed simplicial sets. The connectivity of f implies the Goodwillie Taylor series of G converges for all X • . The first Goodwillie derivative of F R at an arbitrary space
Thus the map on first deriviatives induced by f (at
becomes an equivalence upon smashing with E, implying the E-acyclicity of the first derivatives
for all X • , Y • . This fact implies that for each n and Y • , the n-th Goodwillie Taylor approximation
In general, homotopy inverse limits of E-acyclic spectra need not be themselves E-acyclic. However, Proposition 2. Suppose {Z n , p n : Z n → Z n−1 } is an inverse system of spectra for which
• The connectivity of p n tends to infinity with n, and
Proof. The hypothesis implies the connectivity of the map Z → Z n tends to infinity as n increases. The result follows via proof by contradiction for the classical smash-product for spectra (a modification of the original handcrafted smash-product of Boardman) defined in [1] . This identifies up to natural equivalence with the more recent and smash product construction of [13] , which is what is needed for the case at hand.
Appealing once more to the convergence of the Goodwillie Tower for G, we conclude
for all X • . In particular, this holds for X = S 0 , completing the proof of the theorem.
We remark that the connectivity assumption on the homomorphism f is in general necessary for a result like this to hold. An interesting example is provided by the results of [3] . Here the map of topological K-theory spectra ku → KU (connective to non-connective) is obviously a KU -equivalence. However, the homotopy fiber of the map on K-theory identifies with the K-theory of Z, which is rationally non-trivial.
Theorem 2 can be applied to yield information on some of the constructions appearing in [27] , where Waldhausen explores the relation between (Waldhausen) K-theory, the chromatic filtration in stable homotopy, and the Litchenbaum-Quillen conjecture.
We assume a prime p has been fixed; all results will then be at that prime. Let L p,n denote the n-th Johnson-Wilson localization functor at p, and S (p,n) the connective cover of the localized sphere spectrum E(p, n) = L p,n (S). Given a connective S-algebra A, let A (p,n) := A ∧ S (p,n) ; this may be thought of as the n-th connective localization of A at p (given that L p,n (A) = A ∧ E(p, n)). In the case n = 0, we set A (p,0) := π 0 (A ∧ HZ (p) ). Following [27] , we define the integral or connective chromatic Waldhausen tower for A at the prime p as the inverse system
with the n-th connective monochromatic K-theory of A at p written as
These spectra are p-local (this was already observed in [27] ; note that Theorem 1 provides a quick proof of this result).
Proof. The S-algebra map φ p,n : A (p,n) → A (p,n−1) is (2p − 3)-connected for all A, primes p, and n ≥ 1. Moreover, it is an E(p, n − 1)-equivalence. As L p,m = L E(p,m) is smashing, the result follows by Theorem 2.
The same line of reasoning shows that hof ib(K(
. K-theoretic chromatic convergence in this connective setting amounts to asking
weak equivalence of spectra?
We can apply Theorem A to get at least a partial answer to this question. Given a functor F : CSA → (spectra) * , we call the tower
) is a weak equivalence of spectra.
Proof. Without loss of generality, we can (by appropriate fibrant replacement) assume the maps in the tower {A (p,n) } are fibrant. Applying T HH( − ) yields a tower of cyclotomic spectra {T HH(A (p,n) )} and maps T HH(A (p,n) ) → T HH(A (p,n−1) ) strictly preserving the cyclotomic structure (as defined in [4] ). Thus the homotopy inverse limit will again admit the structure of a cyclotomic spectrum, whose fixed points resp. homotopy fixed points with respect to a subgroup G of S 1 are homeomorphic to the homotopy inverse limit of the the inverse systems {T HH (A (p,n) ) G } resp. {T HH(A (p,n) ) hG }. The result is a transformation of the pullback diagram used to define T C( − ) which is a weak equivalence at each vertex, implying the tower is T C-convergent. By Theorem A, it is then also K-convergent due to the connectivity of the projection maps at each level.
Although M (A, p, n) is E(p, n − 1)-acyclic, it cannot be E(p, n)-local due to its connectivity. However, the trace map induces a map of homotopy fibres
The topological Hochschild homology spectrum of an E(p, n)-local S-algebra is E(p, n)-local, and locality is preserved under the taking of homotopy inverse limits, as well as homotopy colimits (since L p,n is smashing) [25] . Thus T C(L p,m (A)) is E(p, n)-local for all m ≤ n, implying
is L p,n -local for all A, primes p, and n ≥ 1.
It follows that trace map above, followed by passage to actual localizations of the algebra, induces a transformation of spectra natural in A:
It seems natural to ask Question 2. Is λ(A; p, n) an equivalence?
is actually monochromatic of level n, something which does not seem provable directly.
Remark 2 Again, as in [27] , one can define the non-connective chromatic Waldhausen tower for A 1 ; there is an evident transformation from the connective to the non-connective tower, resulting in a map of monochromatic K-theories M (A, p, n) → M (A, p, n)
As shown in op. cit. , these theories are quite different, though an exact description of the difference has been elusive (except in certain special cases; compare [3] ), the main problem being the lack of computational tools for the K-theory of non-connective spectra.
The fundamental theorem
If A is an S-algebra, then A[t], A[t −1 ], and A[t, t −1 ] admit S-algebra structures induced by that on A in a natural way. Following [31, IV.10], define functors from (S − algebras) to (spectra) * by
There is an obvious transformation
induced by the inclusions of A[t] and A[t −1 ] as subalgebras of A[t, t
−1 ], and we set
. For a spectrum T , write Σ −1 T for the desuspension of T .
Theorem 3. For a connective S-algebra A, there is a map of spectra
represented by the unital element t induces a map
whose adjoint provides the transformation 
Consequently, if the top horizontal map is an equivalence, then so is the lower one. However, for the functors on the top row, we are within the "radius of convergence" of Goodwillie Calculus. Precisely, both functors are homotopy functors, and preserve connectivity (up to a shift by some universal constant), and so the same three claims used in the proof of Theorem 1 apply in this setting as well, reducing the proof to verification that the transformation
is a weak equivalence for connected Y • . Note also that the connectivity of Y • here implies
Appealing once more to the methods and results of [22] , we see that both functors are 0-analytic in the Y • -coordinate, reducing the proof to a comparison of Goodwillie derivatives. Taking derivatives commutes with homotopy colimits, so the computation of [22] applies, from which we conclude that the map on coefficient spectra of n-th derivatives is given by
For convenience, write the left-hand side as G 1 (A • ), and the right-hand side as G 2 (A • ), where G i ( − ) may be applied to general S-algebras. Then there is a canonical equivalence
which further reduces the problem to verifying the map is an equivalence for the sphere spectrum S. But G 2 (S) is simply the suspension spectrum of the free loop space of
. Here one has the stable splitting
with the factor Σ ∞ (S 1 ) ≃ |Σsd n T HH(S; S)| coresponding to the suspension of G 2 (S), and the map
Remark 3 In [5, §9], Blumberg and Mandell coin the term Bass functor for homotopy functors exhibiting the above type of behavior. In particular, they show that the topological Dennis trace K(−) → T HH(−) is a transformation of Bass functors, at least for discrete rings. The above suggests that this particular result of theirs extends to the category of S-algebras.
A consequence of this theorem is that the usual machinery associated with a spectral interpretation of the Fundamental Theorem produces a natural non-connective delooping of the K-theory functor A → K(A) on the category CSA, via iterated application of the natural transformation
The result is a (potentially) non-connective functor
differing from the deloopings arising from the "plus" construction [13] , or iterations of Waldhausen's wS.-construction [28] , which are always connective. Notice, however, that the connectivity of the map A → π 0 (A) implies that (at least for connective S-algebras) the negative K-groups arising from iteration of the above construction [31, Cor. IV.10.3] depend only on π 0 (A). Combining with the equivalence one has for low-dimensional K-groups, this can be summarized by the equality
To make the notation correspond with convention, we should set N K + (A) := N K(A) as just defined, and N K − (A) := hof ib(K B (A[t −1 ]) → K B (A)). In this way, we arrive at a more conventional formulation of Theorem 3:
Theorem 4. For a connective S-algebra A, there is a functorial splitting of spectra In the particular case A = Σ ∞ (Ω(X) + ) for a connected basepointed space X, we recover the main results of [18, 19] .
Given the difficulty of computing N K * (R) for discrete rings, it is not surprising that not much is known about N K(A) for general S-algebras A. In the discrete setting, it is a classical result of Quillen that R Noetherian regular implies N K(R) ≃ * . This fact led to the notion of N K-regularity; rings whose N K-spectrum was contractible. Via the above discussion, the same notion of N K-regularity may be extended to arbitrary S-algebras.
It has been shown by Klein and Williams [20] that the map of Waldhausen spaces arising from the Fundamental Theorem of [18] (and temporarily writing A(X) for the Waldhausen K-theory of the space X)
A( * ) ∨ Ω −1 A( * ) → A(S 1 ) is the inclusion of a summand but not an equivalence. In the notation used here, A( * ) = K(S) and A(S 1 ) = K(S[t, t −1 ]), where S denotes the sphere spectrum. Thus (unlike the case of the discrete ring Z), one has Corollary 3. The sphere spectrum S is not N K-regular.
